Two types of guidelines can be obtained from a DEA (data envelopment analysis) analysis. Firstly, the firm can reduce input or increase production according to the DEA results. Secondly, an inefficient firm might be able to identify reference units. This makes it possible for the inefficient firm to, on site, study production that is more efficient, and thereby get information on e.g. efficient organisational solutions. In this study, we focus on how to detect these firm-relevant reference units. While applying the existing methods for identification of reference units, i.e. the intensity variable method and the dominance method, on a data set concerning booking centres in the Swedish taxi market, shortcomings in these methods were identified. This motivates the development of a new method. This new method, the sphere measure, enables an inefficient unit to identify existing and efficient units that have the largest similarity with itself. The identified units will thus be firmrelevant reference units.
I. Introduction
There are two kinds of guidelines that can be provided to firms as a result of a DEA-analysis on technical efficiency.
1 First, one guideline would be how much a specific unit will be able to reduce its input while still being able to produce the same amount of output. This type of guideline does not take technical or organisational obstacles into consideration. 2 Therefore, a second type of guideline is to identify units that can serve as a reference for an inefficient unit.
3 Relevant reference units make it possible for inefficient units to, on site, study production that is more efficient than its own. This makes it possible to adopt more efficient ways to organise production.
In the literature, two methods are discussed as a means to identify reference units based on the result of a DEA analysis. These are the intensity variable method (See Kittelsen and Førsund, 1992) and the dominance method (See Tulkens, 1993) . We have explored these two methods on a data set concerning the production of booking centre services in Sweden, and identified shortcomings in these methods. In some cases, units, which were defined as reference units for a specific inefficient unit, had little similarity with regard to amount of input used and output produced. Results of this type that are reported to managers will undermine confidence in the DEA method. Furthermore, while investigating the dominance method another shortcoming was identified. For some units, it was not possible to identify a reference unit that dominated the inefficient unit. The identified shortcomings in the existing methods of detecting reference units, for an inefficient unit, motivate the search for a new method. The starting point for this search is to list properties that are desired for reference units. Then we use these properties to construct a measure/method that fulfils these properties. reference technology, is specified as an activity analysis model (see e.g. von Neumann, 1938) . The model is also referred to as the non-parametric method (see e.g. Färe, Grosskopf and Lovell, 1985) . The input based framework used in this study originates from Farrell (1957) and was later generalised to also cover non-homogeneous production technologies, i.e., allowing for variable returns to scale, by Hjalmarsson (1974,1979) . The idea was presented in 1974 and implemented in 1979 . In Färe, Grosskopf and Lovell (1983 , the framework was further generalised to cover multiple output and different disposability assumptions.
The outline of this study is as follows. In Section II, we will state the framework used in the study. We start by set up the DEA problem and presenting a list of desired properties. These properties are as follows. A reference unit should always exist, the reference unit should be efficient, the reference unit should be an existing unit (i.e. excluding hypothetical reference units such as convex combinations of existing units), and finally a reference unit should be as similar as possible to the inefficient unit. Data is presented in Section III. In Section IV, we first evaluate the existing methods with respect to the desired properties presented in Section II. As mentioned above, we could show that in some cases, designated reference units had little similarity with the inefficient unit. In the case of the dominance method, we could also show that reference units in some cases did not exist. We therefore introduce a new method, the sphere measure, which is constructed so that it will fulfil the desired properties. The method will guarantee the existence of a unit, chosen among existing efficient units so that it will minimise the Euclidean norm between the reference unit and the inefficient unit, i.e. has the largest similarity. In Section V, the results are summarised and some concluding remarks are stated.
II. Framework

A. Measuring Efficiency with DEA
Since the aim of this study is to state desired properties of a reference unit, as a result of a DEA analysis, we first need to set up the DEA problem. Let there be k = 1,…, K observations, x kn inputs n = 1,…, N, and y km outputs, m = 1,…,M. The vector to be enveloped for observation k is then (x k , y k ) = (x k1 ,…, x kN , y k1 ,…, y kM ). Then the programming problem to be solved for a unit k' is as follows where λ k' is the efficiency score to be calculated. Since an input based framework is used, the minimum of λ k' equals the largest possible contraction of the input vector, such that the unit still remains in the reference technology. We also assume strong disposability of both inputs and outputs and a variable return to scale technology. The latter is given by restriction iii.
B. Desired Properties of Reference Units
Before stating and discussing desired properties of a reference unit, some definitions and notations have to be made. First, denote the set of all observed units by K = {1,…, k, K}. The set of reference units for a specific unit k is denoted ℜe k , i.e. if unit j is a reference unit for unit k, then j ∈ ℜe k . Finally, given an input requirement set L(y), we can define the isoquant of this input requirement set as
Given the definitions and notations above, we will state desired properties and subsequently discuss them. 
A first property is that at least one possible reference unit should exist, i.e. ℜe k ≠ ∅. This property might seem redundant, but as will be discussed later, one of the existing methods may produce results where a reference unit does not exist.
Since a goal for all economic activity is the efficient use of resources, the second property we claim for a reference unit is that it should be efficient. This is given by the second property that states: if unit j is a reference for an inefficient unit k, i.e., j ∈ ℜe k then it is impossible to contract the input vector of unit j, while still being able to produce the same amount of outputs, i.e. x j ∈ Isoq L(y).
Further, the aim of using a reference unit is that it should be possible for an inefficient unit to study the production of the reference unit on site. The third property states that if unit j is to be a reference unit for an inefficient unit k, i.e. j ∈ ℜe k , unit j has to be observable, i.e. j ∈ K. Thus, property 2 excludes convex combinations of existing units.
So far we have excluded all other inefficient units and convex combinations of existing efficient units from the possible reference set. However, we are still left with a considerable amount of possible units. From a practical point of view, to make an impact on firms trying to become more efficient, we need to guide them to reference units that in some sense are similar to their own firm. The term similarity is not easy to define since two units can be similar/ dissimilar in many different dimensions. 4 However, since DEA analysis is an analysis of production and researchers are likely to at least have information about production data, we therefore define similarity as producing a similar amount of outputs and use a similar amount of inputs. To define similarity in a multidimensional framework, we need a measure that is able to take multidimensionality into consideration. The Euclidean norm is one such measure and will here be used as a measure of similarity. Further, we will claim that the most similar unit among possible reference units is most suitable reference unit. Thus, the forth desired property of a reference unit j is that another possible reference unit i ∈ ℜe k there should not exist, such that the distance between unit i and the inefficient unit k is smaller than the distance between unit j and unit k, i.e.
for all i.
Given the properties above, we now turn to empirically explore these properties related to a data set. We start by exploring the two existing methods, the intensity variable method and the dominance method, and finally we introduce a new method labelled the sphere measure.
III. Data
The data in this study concerns production of booking centre services in the Swedish taxi market. The data was collected and confirmed on site at the booking centres during a three-week period in March 1994 and later used in Althin, Färe and Månsson (1994) . 5 The production of booking centre services consists of two outputs. The first output is a measure of directly mediated service (Y1), i.e. a person orders a taxi and the booking centre immediately mediates the order to a taxi vehicle. The production of the second output, number of co-ordinated and mediated services (Y2), is carried out in two steps. The first step is that a person orders a taxi. The order will be co-ordinated with other orders, either by placing more than one customer in the taxi vehicle or by re-directing the taxi vehicle to minimise non yielding transportation. After co-ordination, the order is mediated to the taxi vehicle.
The inputs are:
X1: Number of hours worked annually by personnel directly involved with booking and mediation. X2: Numbers of hours worked annually by administrative staff. X3: Number of telephone lines to the booking centre. This will serve as a measure of technical capacity. X4: Square meters of floor space used for booking services. X5: Square meters of floor space used for administration.
X6: Value of purchased services in Swedish kronor (SEK).
Descriptive statistics on input and output are presented in Table 2 . A few comments have to be made concerning the data. One can see that there are booking centres that only produce one of the outputs. This can be explained by the fact that the data covers both privately owned and publicly owned booking centres. One of the objectives with introducing publicly owned booking centres was to increase the number of co-ordinated services. This explains why Y1 for some booking centres is zero. On the other hand, the most likely way to administrate an order during the period when the Swedish taxi market was regulated was to mediate the order at the same moment a customer placed the order in the booking centre. Some privately owned booking centres still apply this system, and thereby do not allocate resources to co-ordinate services. This explains the zero value for Y2. Zero input values can partly be explained by the fact that some booking centres do not have any administrative staff, instead they buy administrative services. This is most likely to happen in the case of small booking centres.
IV. Empirical Investigation
We first present here the computed efficiency scores. Thereby all units that fulfil property 2 and property 3, i.e., all existing efficient units, are identified. We then apply the existing methods, dominance and intensity variable method, on the data presented in Section III. As will be seen, both existing methods have some shortcomings as regards desired properties. We therefore propose a new method, which will be labelled the sphere measure.
A. Identification of Existing and Efficient Units
The framework presented in Section II was used to compute the efficiency scores. The results of these computations are presented in Table 3 . As seen in the Table, thirteen units are efficient. The minimum efficiency is 0.49 for unit number 23. This means that unit 23 would have to decrease its inputs by 51 percent in order to become efficient. The mean efficiency score is 0.86, i.e. 14 percent inefficiency, and the standard deviation is 0.16. All units that are technically efficient, i.e. have an efficiency score equal to one, fulfil property 2 and are thus potential reference units. Further, they also fulfil property 3, i.e. are existing units.
B. Existing Methods for Detecting Reference Units
B.1. Intensity Variables
When the non-parametric method is used to compute technical efficiency, inefficient units are compared to a convex combination of efficient units. By investigating the value of the individual intensity variables (z k ), obtained when solving the efficiency problem presented in equation (1), it is possible to identify those units that are used in the construction of the efficiency frontier. According to Kittelsen and Førsund (1992) , p.302, this information can be used to select a reference unit among the efficient units. In Table 4 below, the values of the non-zero intensity variables are presented for the inefficient units. These results can be used to provide the inefficient unit information on which efficient unit it is compared to. For example, the inefficient unit 9 is compared to efficient units 1, 7, 11 and 29. According to the values of the intensity variable, efficient unit 11 is the most relevant reference unit, since it has the highest value on the intensity variable (0.754).
One problem with this method occurs when the most influential unit has very little similarity with the inefficient unit.
7 One way of handling this drawback would be to report all units with non-zero intensity variables. It does not solve the problem, but it will provide the inefficient units with alternative units to be compared with. Another way is to determine some criteria for similarity and investigate if the designated unit is the most similar reference unit. In this study, we use the difference in the Euclidean norm to indicate similarity. The Euclidean norm measures the distance between units. The norm between unit i and k is here defined as:
where n x and m y is the mean of n / m.
8
The criteria we use is that if the norm between unit j and unit k is smaller than the norm between another unit i and unit k, i.e. , ikjk > then unit j is more similar to k than unit i is to unit k, and thereby also a more relevant reference unit. We have computed the Euclidean distance between unit 11 and all other observed efficient units and that result is presented in Table 5 . 
8 The data is normalised since the norm otherwise will be dependent on how the data is measured. 9 The difference in each input and output dimension, between unit No. 9 and unit No. 7 is reported in the Appendix. As shown in the Table there is a unit that have larger similarity to unit 9 than the by intensity variable method detected unit 11. 9 We can thus conclude that that the intensity variable does not fulfil the desired property 4.
B.2. Dominance
There is one major critique of the non-parametric, or DEA framework presented above. When computing the efficiency score, the inefficient units are compared with convex combinations of efficient units, instead of existing units. As a consequence of this, Tulkens (1993) presented the idea of dominance, which in turn has its roots in Pareto efficiency. 10 In a multiple input, multiple output framework dominance can be defined either from the input, or the output side. Following Tulkens (1993) , input dominance is defined as:
if and only if
That is, unit k input dominates k', if unit k produces more or equal amount of output compared to k' () ≥ and uses less input in at least one dimension (). ≤ An alternative version of dominance is strict dominance, taking both inputs and outputs into consideration at the same time.
Definition: A unit k strictly dominates unit k', if and only if
That is, unit k strictly dominates unit k', if unit k produces more output and uses less input in all dimensions. This means that if unit k strictly dominates unit k', then unit k also input and output dominates unit k'.
As noted by Tulkens (1993) , p.191, identification of a dominant unit gives the efficiency score credibility, since it identifies an observed reference unit, instead of a convex combination of existing units.
11 Dominance and a problem with the method are illustrated in Figure 1. '' ,1,...,,1,..., 12 Unit E produces less output, but at the same time uses less input, compared to unit D. The opposite is true when comparing with unit B. Thus, this method may result in a situation where the dominant subset is empty. Dominating references were found for two units for the data used in this study. The efficient unit No. 7 dominated both the inefficient units No. 3 and No. 10 . For all other inefficient units, the dominant sub-set was empty, i.e. ℜe k ≠ ∅. This result was not unexpected, since the model on which the computations were based has as many as 8 dimensions: 2 output dimensions and 6 input dimensions. The more dimensions used in the model, the less likely it is that the dominant subset is non-empty. Thus, the dominance method might not fulfil property 1 or property 4.
12 If the FDH reference technology was used, point E had been considered efficient. In Section IV.B we have demonstrated the intensity variable method and the dominance method and we have identified shortcomings in both methods. We therefore propose a new method with the objective of identifying firmrelevant reference units that fulfil the desired properties listed in Section II.
The idea of the sphere measure is rather straightforward. For an inefficient unit, a sphere with radius r is defined. The radius of the sphere is then extended until the sphere covers the inefficient unit and at least one efficient unit. The unit that first appears in the interior of the sphere is considered to be the reference unit for the inefficient unit.
13 Moreover, the length of the radius is a measure of how close the inefficient unit is located to the reference unit.
First, denote the subset of efficient observations S ⊆ K. The subset S contains all efficient units from the set of all units, K. For an inefficient unit k, and an efficient unit s ∈ S, the radius of the sphere is defined and computed as:
where r ks is the radius of the sphere. n x and m y denotes the mean of inputs and outputs.
If we let the radius of the sphere increase until it contains the inefficient observation k and the efficient observation s, we can define the reference unit for the inefficient unit k as:
Definition: The efficient observation s is a reference to the inefficient observation k if min r ks is thus the smallest distance between all efficient units and the evaluated 13 It is possible that more than one reference unit exists. This will be the case if two, or more units have the value of the sphere measure. The solution to the minimising problem identifies the efficient unit that is located closest to the inefficient unit, measured by the Euclidean distance.
The sphere measure is illustrated in Figure 2 . When the radius, r, increases, unit C will be the first unit to appear within the sphere. The efficient unit C is then defined as a reference to unit A.
14 The result of the computation of the sphere measure for the data is presented in Table 6. 14 Note that since the sphere measure searches for the most similar unit in all directions, it is possible that the selected reference unit use more input in one or more than one dimension. Depending on input prices this could, as in the intensity variable method, result in a situation of increased cost. To exclude this situation, information about input prices is necessary. For the data used in this study, it was also possible to identify a unique reference unit with the sphere measure. Another appealing feature with the sphere measure is that a measure of proximity is also obtained. This makes it possible to evaluate the relevance of the identified reference unit. As can be seen from Table 6 , the sphere measure varies from 0.48 to 13.69. This also indicates that some detected reference units are better suited than others.
V. Conclusions
The objective of this study has been to provide guidelines on what properties one can expect from a reference unit and also how these reference units could be detected. There is no doubt that reference units can play an important part when the results from an efficiency study are implemented in the investigated industry. Relevant reference units make it possible for an inefficient unit to study, on site, production that is more efficient than its own. This makes it possible for an inefficient unit to adopt a more efficient way to organise its production. The main question for this study has been how we can identify relevant reference units for a firm.
The literature suggested two methods, the intensity variable method and the dominance method. These methods were used on a data set on booking centre services in Sweden and some shortcomings were identified. Firstly, some pointed out reference units had little similarity with the inefficient unit. Secondly, when using the dominance method, no reference unit existed. These shortcomings motivate the search for a new method. To derive the new method, we started with a list of properties that are desired for a reference unit. A reference unit should always exist, the reference unit should be efficient, the reference unit should be an existing unit and finally, the reference unit should be similar to the inefficient unit. Given this list of properties; a new method labelled the sphere measure was developed. The idea with the sphere measure is to define a sphere around an inefficient unit and then expand the radius of the sphere until it contains the inefficient unit and at least one efficient unit. The unit that first appears in the sphere is then chosen as a reference unit. One advantage with the sphere measure is that it is constructed to fulfil all desired properties. In Table 7 , the result concerning fulfilment of the four properties, with respect to methods are summarised.
By using the sphere measure, the efficient unit that has the largest similarity, measured by the Euclidean distance, is identified as a reference. 
